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The orientational correlation functions in the isotropic phase of nematics are calculated
starting from the expression of De Gennes for the free energy density of this phase.

1. Introduction

Short range order effects are quite pronounced in
the isotropic phase of nematics as demonstrated e.g.
by light scattering experiments [l1]. The relevant
short range order concerns the local state of orienta-
tional order in the isotropic phase. This orientational
order is described by a symmetric traceless tensor of
the second rank denoted by Q,z(r). The Greek
indices refer to the axes of a given cartesian co-
ordinate system, e.g. the laboratory frame. The
amount of short range order is expressed by correla-
tion functions of the type {Q,4(r) Q,s(r')), where
% P, Y,0=X,Y,z.

In order to describe the short range orientational
effects De Gennes [2] proposed the following con-
tribution of the orientational fluctuations to the free
energy density of the isotropic phase

F()=LA(T) Qup(r) Qps (P)
+3 L1 [0:05,(N][0:04,(r)]

+1 La[0,0, (N[0sQs, (M. (11
where 0,=0/02 and repeated indices must be
summed. Only second order terms in Q are taken
into account because of the smallness of Q, whereas
the higher order derivatives of Q are neglected
because of the assumption that Q(r) still varies
slowly from point to point.

Here the physical meaning and validity of ex-
pression (1.1) are not questioned or discussed, but
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the stand is taken that this expression seems to be
able to give a satisfactory phenomenological de-
scription of short range order effects. Strangely
enough, however, the general expression for the
correlation function {Q,4(r) Q.;(r’)) has never been
correctly derived with the exception of the case
L, =0. The purpose of this paper is to make up for
this deficiency.

The error arises directly after substituting the
Fourier transformation

Q. (N =2 Oys(k)explik-r] (1.2)
k

into the free energy density (1.1) and integrating the

resulting expression over the volume V' of the

system. Then the following free energy F is obtained
F=13 [VA(T) + VL] Qs (k) Qsp (k)

k

+1 VLY kyky Q% (k) Qp, (k). (1.3)
k

where
O%p(k) = Qyp(—k) .

In order to calculate the short range order effects
expectation values like {(Q%;(k) Q,5(k)) must be
calculated. Unfortunately former calculations (see
e.g. [3]) have been based upon the incorrect view
that k can be chosen along the z-axis without loss of
generality. Such a procedure is correct indeed as
long as only one wave vector k is considered. How-
ever, the procedure is incorrect in the underlying
calculation because not all wave vectors k determine
the same z-direction, i.e. the same cartesian system.
This means a violation of the starting point that the
tensor elements Q,;(k) are defined with respect to
the same co-ordinate system irrespective of the
wave vectors k.

(1.4)
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2. The Calculation of the Expectation Values

The calculation of the expectation values
(Q%p(k) Q.5(k)) is based upon the assumption that
the dmplltude% 0,5 (k) may be conceived as random

variables. 1.e. the probability of a given set of
amplitudes | Q,4(k)| 1s given by

]
P(:Q,/,(k):)zgexp[—/fF]. (2.1)

where Z is a normalization constant and = (kg7)™"
with kg denoting Boltzmann's constant and 7 the
temperature. Next the complex amplitude is written
as

Q:(/f(k) = "z/i(k) + I'.S'z/;(k) N

where the real tensors r(k) and s(k) are symmetric
and traceless and

Fup(k)=rp(=k) . syp(k)=—s,5(=k). (2.3)

Consequently the free energy can be expressed like

F=3YF(k)
k

(2:4)

where

F(k)=(VA(T) + VL k?) (rig(k) + s35(k)) (2.5)

+ VL kyky(ry, (k) rp, (k) + sy, (k) sg.(k))

The matrix 4 (k).1s given by

=l 1 1
(k) +yki+— — —_—
& & €
1 =] 1
— A (k)+yki+— —
& S &
I o
4 (k)= — — v (k)+yki+—
£ & 8
k ok, ok ok, 0
'/\‘\/": 0 / ‘\ .:
0 kyke kyk
where

1(k)y=2pVAT)+ L k%), y=2BVL,.

Then the required expectation value {g; g;) reads [4]

\
\0i0;)

=47"(k),;.
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and Y denotes the summation over all k-vectors
k

that label the independent random variables. The
variables themselves, which appear in expression
(2.5), are not all independent because of the con-
straint r,, (k) =s,, (k) = 0. In order to keep the full
symmetry between the involved variables the con-
straint is incorporated into the probability distribu-
tion by means of the Dirac delta function

(X )—!111?) V’n( expl ?\;3] . (2.6)
Then the probability distribution reads
P (10 (k)}) (2.7)
=—H exp [= 1 F (K)] 0 (ry (K)) 05, (K) -

Clearly this distribution is a product of Gaussian
distributions of the form

| 5 6

< i=1j=1

) g (k) g;(k) (2.8)

where Z; 1s a normalization constant and o;(k)
denotes whether r,;(k) or s,5(k) with i=1.2.3.4.5.6
corresponding respectively with

AL=XX, YV, ZZ, XY, XZ, VZ.
(2.9)
./‘k\/\-\ ;.l"\/\': U
vhkok, 0 vk, k.
0 vkok. vkok.
200 (k) + 3 (ki+k7) vkok vkyk-
vk 2o (k) + (k34 k2) vk k,
vk k- vk k, 2u(k)+ 7 (ki+k2)
(2.10)
(2.11)
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where 47! (k);; 1s an element of the matrix inverse to 4 (k). Consequently the problem consists of deter-
mining the matrix inverse to 4 (k). This problem is quite simple in the case k = 0. Then it holds

xe+2 =] =i
, . _ 0 0 0
e+ 3a ace+3a ofe+ 3
= oae+2 =il
. - . 0 0 0
ate+ 3a afe+ 3o e e+ 30
-1 — ae+ 2
: = = 0 0 0
B oate+ 3a ae+ 3a e+ 3a
ATN0)= | (2.12)
0 0 0 — 0 0
Zol
0 0 0 0 L 0
20
0 0 0 0 0 L
2y
with 2 =2(0). The required expectation values are A ' (k)3 =A"" (k)3o=— N (k) [2% (k) + 7 k%)
obtained by taking the limit ¢ — 0, 1.e. (k) + 7 kY — 2 k2K,
i ) > A (k) =47 (R)a
(0% (0)y =05, (0)y =02 0)>'3_ =— Nk y ko ko[ (k) + 7 (k2 + k)],
] A7 (K)ys =A"" (k)5
(0 (0) =000 = <000 = 5 o) = N(K) 7 Ky ke [20 () + 7 (K + K3)].
(0 (0) 0,1(0)) = (0. (0) 0=:(0)) A7 (k)5 =4 K)ea
_ =—Nk) yk, k-[2(k)+ y (ki + kD),
=00 00 =5 A7 (B33 = N (k) [22(K) + 7 (K + kDT (2.14)
whereas the remaining thermal averages, e.g. A '(K)u=A4""(K)s;
(0. (0) 0,,(0)). are zero. =N(K) y ko ky[o (k) + 7 (K2 + k2]

The general case, i.e. k is an arbitrary vector, has
to be solved by means of a computer. According to 5. 28
the computer program REDUCE (Hearst 1974) the == NK) 7 kk:[o (k) + 7 (ki + k3)] -
matrix elements 47! (k);; read in the limit ¢ — 0, A7 (k)3g=A7" (K)e3

== N(K) 7 ky k- [ (k) + 7 (k3 + K],
A7 (k)= N (k) [Bx (k) + 27 k)
AT W=7l == N (22 (k) + 7 &%) k) + kD + 257 k2],
(@) + 7 k) — Y k2], '

A (k)35 =A"" (k)s3

() =N (k) 22 (k) + 7 (k7 + KD,

A (k)gs=A7"(k)s4

AT (k)3 =47 (k)31 = = N (k) [Qa (k) + 7 k%) =—N(k)ykyk[3a(k)+27 (k3 + kD],
(a(k)+yk3) — Y k2 k3, A (k) s =A7" (K)ea

A7V (k) =A7" (k)4 =—N(k)ykek-[3a(k)+ 2y (ki+ k3],
== N(k) y ky ky [2 (k) + 7 (ki + kD). A7 (k)ss= L N (k) [(Ba (k) + 27 k)

A (k)5 =A7" (k)5 CQak)+y k) + 27 k2K,
=— N (k) y ke k-[a (k) + 7 (k3 + k3)] . A7 (k)sg =A7" (K)gs

A (k) e=A"" (K)e) =—NK) ykeky[3o(k) + 2y (k2 + kD],
=N (k)7 kyk:-[22(k) + 7 (K + k)] . A7 (K)gs = L N (k) [(32 (k) + 27 k)

A (k)= N (k) [22 (k) + 7 (k2 + kP - (Qu(k)+ 7 kD + 272 k2K,
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where
N (k) =o' (k)

(2.15)
[22(k) + 7 KT [Ba (k) + 27 k!

It follows directly that the elements of the inverse
matrix possess poles in the complex k-plane. Ac-
cording to (2.15) these poles are situated along the
Imaginary-axis at the positions

. L] 1/2 . L]+%Lj_ 172
la | A(T)

¥ Ll+%LZ 1z (.) 16)
= A(T) -

and they have the dimension of a length. These
lengths govern the behaviour of the correlation
function at long distances. Obviously only the
largest length makes sense and is called the correla-
tion length. This means that 3 is the correlation
length for positive values of L,, whereas ¢, is the
correlation length for negative values of L,.

3. Correlation Functions

Using the Fourier transformation (1.2) and
replacing the summation over k by an integration
over k, the correlation function {Q,s(r) Q.s(r'))

={044(0) O.5(R)), where R=r"—r. is given by
(0,4(0) Q.5(R)) (3.1)
— | dk (k) rs(k)yexp[i k- R] .
41k <k

173
where the Debye wave number kD=(6 n? 7)

appears as a cut-off, because the system consists of
only N molecules. i.e. only N k-values are indepen-
dent.

As an example the correlation function
{0 (0) O (R)) is calculated. where the vector R
s ldkcn dlon“ the z-direction denoted by the unit
vector . 1.e. R= RZ whereas kp is replaced by =«
in order to perform the calculation analytically.
Then the following expression is obtained

€0+ (0) 01 (R2))

Vo ,
=,—ﬂ dk (3. (k))exp[i Rk- 2]

=~ (K)nexp[i Rk- 2]
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| 1 |
= s dk + =
(2n)° x(k 3o(k)+2yk”
I\-
(77(k)+ l\)(?y(k)+2,/\)
_ "-//‘.:‘
x(k) 2o (k) + 7 k%)
’; k?
+
(k) (2o (k) + 7 k%) (32
cexp i Rk-Z].

The ecasiest way to perform the integration is by
making use of spherical co-ordinates for k, which
explains the choice of R along the z-axis. It appears
that

{0:(0) O (R2))

_ /\’BTAI i
4n L]R

L, B,

(2L, + L) Dy

. 3L3C, }
(2Ly+ Ly) (3L +2Ly) Dy Dy

kg TA, L> B,

47QL + Ly R | L, Dy,

N 3L3C, ]
Ly(BLi+2L,) D1y Dy

N kg TA; [1_ L, B;
4n(3L,+2Ly) R

L, B
(BLy+2L;) D3

L =By
2 (2Ly+ Ly) Dy
315G,
+

Li(2QL,+ L>) D3 Dy

(3.3)

where

A; =exp

R® R
WL AN
G i

with i, j=1,2.3.

In order to obtain the correlation functions for an
arbitrary direction of R the original coordinate
system. described by the unit vectors X. ¥ and Z, is
rotated in such a way that the direction of the
--axis of the new system. which is described by the
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unit vectors X’, 1 and 2’ coincides with the direction
of R. An arbitrary R is given by
R=Rsinflcosp X+ Rsinf sing \
+Rcos2=RZ. (3.4)

The tensor Q.4 in the original system and the tensor
O,y in the rotated system are related by

Qz/f . Rx;-’ R/fé’ Q;/(i' s

where R.. Ry R..
R=|R. Ry R, (3.5)
R.. R, R..
cosflcosp —sing sinf cosp
= |cosfsing cosp sinf sing
—sinf 0 cos
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This means that the general expression for the cor-
relation function {Q,;(0) Q.;(R)) reads

(Q.4(0) 0,5(R)) (3.6)

= Rz;z'R/J’\"Rj’g'R(iﬂ’<Qu‘r'(0) QQ’(;’(R 5/)> .

Finally it should be mentioned that expression

(3.3) clearly shows that only one correlation length

1s present, for the long distance behaviour of the

correlation function is completely governed by the
factor 4, or A3 according to the sign of L,.
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